Chapter 9:  Differential Equations 

Section 9.1:  Modeling with Differential Equations
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, …
Objectives:  Students will be able to:  


Identify the order of a differential equation

Test to see if a given solution is a solution to a differential equation

Use Newton’s Law of Cooling to solve problems

Vocabulary:  

Differential Equation – an equation that involves a derivative
Order – the highest derivative involved in the differential equation

Solution – a function that satisfies the differential equation

Initial condition – allows the user to find the particular solution from a family of solutions
Equilibrium – a steady state condition with neither growth nor decay
Key Concept:
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An equation that gives information about the rate of change of an unknown function is called a differential equation; ie, it is an equation with a derivative in it.  For example, 
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A function that satisfies the differential equation is called a solution.

Example:  Is y = e-2t a solution to 
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The previous equation is called a second order differential equation because it involves a second derivative.  A first order differential equation has at most a first derivative.

Differential equations can be used to model various population changes, etc.  For example 
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 represents exponential growth; 
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 represents logistic growth.  In logistic growth the population reaches equilibrium over time.  Look at the graphs on p. 588.  In the equation, k is the carrying capacity of the system.  P(t) = 0 and P(t) = k are solutions because one of the factors on the right side is 0.  These two solutions are the equilibrium solutions.

If the initial population, P(0), is between 0 and k, the population increases, if P(0) > k, then the population decreases.

Example:  A population of wrens is governed by 
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A) For what values of P is the population increasing?


B) For what values of P is the population decreasing?


C) What are the equilibrium solutions?


[image: image10.emf]Solving 

Simple First-order Differential Equation

Example:

1. Separate the Variables: 

get all

x

terms on one side and all 

y

terms on the other.

2. Integrate both sides of the equation.

3. Combine the integration constants on the x side

4.  Use any initial conditions to solve for C; like  y(0) = 4

dy

---- = x

dx

dy = x  dx

∫ dy  =  ∫ x  dx   



y + C = ½x² + C

y = ½x² + C

4 = ½(0)² + C   



4 = C

y = ½x² + 4


Example: The general solution to 
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 is y = Cex², where C > 0.  Find the solution if the initial value is y(1) = 3.

Newton’s Law of Cooling states that the rate at which an object cools is proportional to the difference in temperature between the object and the surrounding medium:

[image: image1.emf]Differential Equations

We call any equation that involves derivatives of any 

order a differential equation.

Equations like the following are first-order:

Equations like the following are second-order:

Order then is simply the highest derivative involved in 

the equation.

dy

---- = x + 1

dx

dy = (x + 1) dx

0 = (x + 1) x’ – y’

d²y                       dy

---- = y + (x + 1) ------

dx²                       dx 

0 = y + (x + 1) y’ – y’’
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temperature of surrounding medium


[image: image13.emf]CSI:  Newton’s Law of Cooling

The rate at which an object cools is proportional to the 

difference in temperature between the object and the 

surrounding medium:

Where T is temperature of the object, 

k is a proportionality constant and 

M is the temperature of the surrounding medium.

A coroner uses this to help determine the time of death and is 

seen in every “Crime” TV series from Dragnet to CSI.

dT

---- =  k(T – M)

dt


Example: A potato is taken out of a 300o F oven and left to cool in a room at 75o F.  Write a differential equation expressing the change in rate of the temperature of the potato, T, with respect to time, t.

Concept Summary:


Differential equations involve derivatives

Order is determined by highest derivative involved in equation


Newton’s Law of Cooling has a wide variety of uses
Homework:  pg 591 – 593:  5, 9, 10, 14
Read:  Section 9.2
Section 9.2:  Direction Fields and Euler’s Method
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, …

Objectives:  Students will be able to:  


Understand Slope fields and solutions with initial conditions

Solve differential equations using Euler’s Method
Vocabulary:  None new
Key Concepts:

Differential Equation: An equation containing derivatives

Ex. 



[image: image14.wmf]x

dx

dy

2

-

=





[image: image15.wmf]x

dx

dy

sin

=


The solution to a differential equation may be general or particular (an initial condition is given) and it is a function.

There are 3 ways to solve a differential equation:

1. Analytically (Separate & Integrate)

2. Graphically (with Slope Fields)

3. Numerically (with Euler’s Method)


[image: image16.emf]Direction or Slope Field

The directional field allows us to visualize the 

general shape of the solution curves by indicating 

the direction (the slope of the curve at that point) in 

which the curves proceed at each point.

We draw the curve, given an initial condition, so that 

it is parallel to the nearby line segments (slopes in 

the field)
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Slope Field Example


Slope Field Problems

Example 1:







Example 2:
dy         -xy²








dy       -2x
----  =  --------         with f(-1) = 2






---  =  ------   with f(1) = -1
dx           2 








dx          y
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Sketch the slope fields at the twelve indicated points

Example 3:







Example 4:
dy         









dy     
----  =  x4(y-2)         with f(0) = 0






---  =  x2(y-2)         with f(0) = 3
dx           








dx       
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Sketch the slope fields at the twelve indicated points
(For informational purposes only – Not on the AP)   Euler’s Method for Solving Differential Equations:

Suppose you were told that the population of the world in 1990 was approximately 5.333 billion.  The population is growing according to the equation 
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What will the population be in 2000?

One way of estimating the population is to find the equation of the tangent line.  The slope in 1990 is 0.017(5.333) ≈ 0.091

So the line is P = 0.091(t – 1990) + 5.333 

                                 P(2000) = 0.091(10) + 5.333 ≈ 6.243 billion
But we know this is not linear growth and we know by local linearity that we are too far from the initial value for accuracy.

What if we take smaller steps?  Suppose we calculate a tangent line every 2 years (Stewart’s h or step size):


P1992 = 0.091(1992 – 1990) + 5.333 = 5.514  
Use this information to find a new slope and a new tangent line.


Slope = 0.017(5.514) = 0.094

P = 0.094(t – 1992) + 5.514 
Note that just 2 years gives a real underestimate from our original tangent line.  Imagine 10 years!


Let’s generalize this process:

Pnew = Pold + slopeold(tnew – told)         or
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Generalizing further:


xi = xi-1 + ∆x
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Find the next 3 iterations for our example in order to estimate the population in 2000.


For 1996, 
P = 5.702 + 0.017(5.502)(2) ≈ 5.896

For 1998, 
P = 5.896 + 0.017(5.896)(2) ≈ 6.096

For 2000, 
P = 6.096 + 0.017(6.096)(2) ≈ 6.303
Our original estimate was almost 100 million people off!  What will give a better estimate?

Example: Let 
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, with initial condition y(0) = 1.   Use Euler’s method starting at x = 0 with a step size of 0.2 to approximate y(1).

Now find the particular solution to 
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 and find  y(1).  Compare the exact and approximate values.

Homework – pg 599 – 601:  3-7, 11, 12, (Euler Problem 23)
                       Read:  Section 9.3
Section 9.3:  Separable Equations
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, ….

Objectives:  Students will be able to:  


Solve separable differential equations
Vocabulary:  

Separable equation – is a first order differentiable equation that can be separated into a function of y times a function of x


Orthogonal trajectories – is a curve that intersects each curve of the family orthogonally (at right angles) [note: we will not use it in our class, but it has lots of applications in physics!]
Key Concept:

In section 9.1 we looked at solving simple differential equations analytically.  Today we will look at more advanced differential equations.


[image: image23.emf]Solutions to Differential Equations

A separable first–order differential equation has the form   

To solve the equation,

1. Rewrite it as h(y) dy = g(x) dx.          

(cross multiply)

2. Integrate both sides ∫ h(y) dy = ∫ g(x) dx

3. Solve for y.                                    

(remember to include C)

4.  Use initial condition to solve for C

dy         g(x)

----- = ------

dx         h(y) 


Separable Differential Equations:

A separable first – order differential equation has the form 
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 .  To solve the equation,


1. Rewrite it as h(y) dy = g(x) dx.


2. Integrate both sides 
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3. Solve for y.

Example 1: 
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Example 2:
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initial condition: y(0) = 3 

Example 3:
Find a function f whose graph passes through (1, 0) and has slope 1 – x.

Example 4:
Find the particular solution for the initial condition y(0) = 2 for the equation ex² yy’ + x = 0.

Example 5: 
Solve 
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, x > 0, with the initial condition x0 = 1, y0 = ⅓
Example 6:
A point is moving along a line in such a way that its velocity is 4- 2t.  When t = 0, the position is 0.  Find the position at time t, and the acceleration.

Example 7: 
A formula for acceleration, a, of a point P moving on a line is a= 6t - 6, where s = 0, v = 2 and t = 0.  Find the law of motion.

Example 8: 
Find the x,y equation of the curve through (1,2) whose slope at any point is 4 times its x-coordinate.

Note: In problems involving throwing objects from the earth’s surface, we assume that near the surface of the earth, the acceleration of a falling body due to gravity is 32 ft/sec², provided we assume that air resistance can be neglected, so 
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Homework – Problems:  pg 607 – 609: 1-4, 11, 19
                       Read:  Section 9.4
Section 9.4:  Exponential Growth and Decay 
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, ….

Objectives:  Students will be able to:  


Solve exponential growth and decay problems involving differential equations
Vocabulary:  

Indefinite Integral – is a function or a family of functions
Distance – the total distance traveled by an object between two points in time
Displacement – the net change in position between two points in time 

Key Concept: 

[image: image31.emf]Exponential Growth and Decay

Generally these take on the form   

Where p

0

is the initial condition at time t= 0

population shrinking 



decay (negative exponent) 

population expanding 



growth (positive exponent)

k is the exponential rate of change

Although these equations can be derived like is demnonstrated

below, most students will use the equation above.

P = p

0

e

±kt


A reasonable differential equation expressing the change in population over time is 
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If  k > 0, the population in growing.  If  k < 0, the population is shrinking.  If we solve this differential equation for P, we get
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If at t= 0, the population is P0, we get 
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.  (Remember PERT from precalculus?)  look at pg 612
Example 1: (Growth) The number of bacteria in a rapidly growing culture was estimated to be 10,000 at noon and 40000 after 2 hours.  How many bacteria will there be at 5 pm?

Example 2: (Decay) Carbon 14 is radioactive and decays at a rate proportional to the amount present.  Its half life is 5730 years.  If 10 grams were present originally, how much will be left after 2000 years?
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Compound Interest Formula:

where  A(t) : dollars at end of t years

A

0

: initial amount invested

r : interest rate as a decimal

n : number of times compounded in one year

t : number of years invested 

If compounded continuously (n→ 



)

A(t)  =  lim A

0

(1 + r/n)

nt
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Look at page 605 example 1

Example 3: Suppose Joe put $500 in the bank at 4% interest.  How much will it be worth after 5 years if it is compounded


a) annually 


b) monthly


c) weekly


d) daily


e) continuously (here we need to take the limit as 
[image: image38.wmf]n

 goes to infinity)

Homework – Problems:  pg 620 – 621: 3, 4, 8, 13, 20
                       Read:  Section 9.5
Section 9.5:  Logistic Growth
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, ….

Objectives:  Students will be able to:  


Use the logistic growth equations to solve problems involving constrained populations
Vocabulary:  


Carry capacity – the maximum size of a population that is supportable given various constraints (food, etc)
Key Concept:

A population that is experiencing unconstrained exponential growth can be modeled by the differential equation dP/dt = kt, which has the solution P = P0ekt.  Many populations experience constrained growth; i.e., there is a point at which the population levels off, often because of limited food, space, water and other resources.  In a constrained situation, the change in population is effected by both the current size of the population and the difference between the population and the maximum sustainable population, or carrying capacity, of the system, K.  


[image: image39.emf]Logistic Equation

We assume P(t) is constrained by limited resources so :

Logistic differential equation for population growth:

where small k is proportional constant of growth and 

big K is the population arry capacity (via resource restrictions)

so if P > K the population decreases

and if P < K the population increases

Its solution is 

P(t) = K / (1 + A e

–kt

)          where A = (K – P

0

) / P

0

if P is small

dP

----- ≈ kP

dt

dP

----- ≈   kP (1 – P/K)

dt


Example 1: Find the solution to the initial value problem dP/dt = 0.01P(1 – P/500) and P(1980) = 200, , where t is given in years since 1980.  Hint: Identify P0 and K; find A.

Use the equation to find the population in 1985.

When does the population reach 450?

Example 2: A biologist stocks a shrimp farm pond with 1000 shrimp.  The number of shrimp doubles in one year and the pond has a carrying capacity of 10,000.  How long does it take the population to reach 99% of the pond’s capacity?

Homework – Problems:  pg 629-631: 5, 6, 8
                       Read:  section 9.6
Section 9.6:  Linear Equations
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, ….

Objectives:  Students will be able to:  


Solve linear differential equation problems
Vocabulary:  


None

Key Concept:   

Not Covered at this Time

Homework – Problems:  none
                       Read:  read 9.7
Section 9.7:  Predator – Prey Systems
SOLs:  APC.15:  The student will apply the definite integral to solve problems.  These problems will include finding distance traveled on a line and velocity from acceleration with initial conditions, growth and decay problems, solutions of separable differential equations, ….

Objectives:  Students will be able to:  


Use differential equations to analyze and solver predator-prey problems
Vocabulary:  


None
Key Concept:   

Not Covered at this Time

Homework – Problems:  none at this time
                       Read:  study and review chapter 9
Chapter 9:  Review

SOLs:  None
Objectives:  Students will be able to:  


Know material presented in Chapter 7
Vocabulary:  None new
Key Concept: 
The book review problems are on page 534.

Homework – Problems:  pg 468-469:  2, 7, 13, 25, 27, 30
                       Read:  Study for Chapter 7 Test

1.  Which of the following is a solution of the differential equation 
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A.  y = e-4x
B.  y = 4x
C.  
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D.  y = e2x
E.  y = e4x
2.  Which of the following is a solution of the differential equation 
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A.  y = e-4x
B.  y = 4x
C.  
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D.  y = e2x
E.  y = e4x
3.  Solve the differential equation 
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 subject to the initial condition y(0) = 2.  From your solution, find the value of y(1).


A.  
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B.  
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D.  
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E.  
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4.  A slope field is given at the right.  Which of the following represents its differential equation?


A.  
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B.  
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C.  
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D.  
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E.  
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5.  A bacteria culture starts with 200 bacteria and triples in size every half hour. After 2 hours, how many bacteria are there?


A.  17800

B.  16200

C.  23500


D.  19300

E.  15700

6.  When a child was born, her grandparents placed $1000 in a savings account at 10% interest compounded continuously, to be withdrawn at age 20 to help pay for college. How much money is in the account at the time of withdrawal?


A.  $2718.28

B.  $14778.11

C.  $10873.12

D.  $7389.05

7.  If you use Euler's Method and two steps with x = 0.1  for the differential equation 
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 with initial value y(0) = 1 then x = 0.2, then y is approximately equal to 


A.  0.11


B.  1.100

C.  1.210

D.  1.464

8.  Which of the following statements characterize the logistic growth of a population whose limiting value is L?


I.
The rate of growth increases to begin with.


II.
The growth rate attains a maximum when the population equals 
[image: image56.wmf]2
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III.
The growth rate approaches 0 as the population approaches L.


a.  I only

B.  II only
C.  I and II
D.  II and III
E.  I, II and III

Free Response

9.  Suppose that a population grows according to a logistic model.

(a) Write the differential equation for this situation with k = 0.01 and carrying capacity of 60 thousand.

(b) Solve the differential equation in part (a) with the initial condition t = 0 (hours)  and population P = 1 thousand

(c) Find the population for t = 10 hours, t = 100 hours, and t = 1000 hours.  Round to the nearest hour.

(d) After how many hours does the population reach 2 thousand? 30 thousand? 55 thousand?

(e) As the time t increases without bound, what happens to the population?

(f) Sketch the graph of the solution of the differential equation.

10.  (2002 BC 5)  Consider the differential equation 
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a.  let y = f(x) be the particular solution to the given differential equation for 1 < x < 5 such that the line 

y = -2 is tangent to the graph of f.  Find the x-coordinate of the point of tangency, and determine whether f has a local maximum, local minimum, or neither at this point.  Justify your answer.

b.  Let y = g(x) be the particular solution to the given differential equation for -2 < x < 8, with the initial condition g(6) = -4.  Find y = g(x).

Answers:  
1.  A     
2.  C     
3.  B     
4.  D     
5.  B     
6.  D     
7.  B     
8. E

9.  a.  
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c.  P(10) ~ 1.103; P(100) ~ 2.643; P(1000) ~ 59.840

d.  The population will reach 2 thousand in about 71 hours.  The population will reach 30 thousand in about 408 hours.  The population will reach 55 thousand in about 648 hours.   
e.  60 thousand  f. 

10.  a.  The x-coordinate of the point of tangency is x = 3 (where 
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).  Because f is continuous for 1 < x < 5, there is an interval containing x = 3 on which y < 0.  On this interval, 
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  is negative to the left of x = 3 and positive to the right of x = 3.  Therefore f has a local minimum at x = 3.  b.  
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After Chapter 9 Test:

Homework – Problems:  None

                       Read:  Chapter 7 to see what’s coming next
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Differential Equations

We call any equation that involves derivatives of any order a differential equation.



Equations like the following are first-order:







Equations like the following are second-order:







Order then is simply the highest derivative involved in the equation.
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0 = (x + 1) x’ – y’
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Solutions to Differential Equations

A separable first–order differential equation has the form   





To solve the equation,

 

	1. Rewrite it as h(y) dy = g(x) dx.          (cross multiply)

 

	2. Integrate both sides ∫ h(y) dy = ∫ g(x) dx

 

	3. Solve for y.                                    (remember to include C)



    4.  Use initial condition to solve for C

dy         g(x)

----- = ------

dx         h(y) 
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Compound Interest

Compound Interest Formula:

	 

 

where 	A(t) : dollars at end of t years

		A0 : initial amount invested

		r : interest rate as a decimal

		n : number of times compounded in one year

		t : number of years invested 

If compounded continuously (n→ )

A(t)  =  lim A0(1 + r/n)nt

         =  lim A0[(1 + r/n)n/r]

         = lim A0[(1 + 1/m)m]

         = A0ert

n→ 

rt

n→ 

let m = n/r

rt

m→ 

A(t)  =  A0(1 + r/n)nt







Compound Interest
Compouns nteres o
where At seene ey

Jraes

Feompmniadiarinaactyn o
W0 < bmadl v
e = BRA TP

i A0+ Vo]
e





Direction or Slope Field

The directional field allows us to visualize the general shape of the solution curves by indicating the direction (the slope of the curve at that point) in which the curves proceed at each point.



We draw the curve, given an initial condition, so that it is parallel to the nearby line segments (slopes in the field)
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Logistic Equation

We assume P(t) is constrained by limited resources so :

	 

 

Logistic differential equation for population growth:





where small k is proportional constant of growth and 
big K is the population arry capacity (via resource restrictions)

        so if P > K the population decreases

    and if P < K the population increases

Its solution is 

                        P(t) = K / (1 + A e–kt)          where A = (K – P0) / P0

if P is small

dP

-----    ≈ kP

dt

dP

-----    ≈   kP (1 – P/K)

dt
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Exponential Growth and Decay

Generally these take on the form   





Where p0 is the initial condition at time t= 0

              population shrinking  decay (negative exponent) 

              population expanding  growth (positive exponent)

              k is the exponential rate of change



Although these equations can be derived like is demnonstrated below, most students will use the equation above.

P = p0e±kt
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CSI:  Newton’s Law of Cooling

The rate at which an object cools is proportional to the difference in temperature between the object and the surrounding medium:







Where T is temperature of the object, 

             k is a proportionality constant and 

            M is the temperature of the surrounding medium.



A coroner uses this to help determine the time of death and is seen in every “Crime” TV series from Dragnet to CSI.





 dT

----  =  k(T – M)

 dt
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f(0) = -2

Slope Field Example









Slope Field Example






Solving 
Simple First-order Differential Equation

 

                          Example:  

 

1. Separate the Variables: 
        get all x terms on one side and all y terms on the other.

  

 

2. Integrate both sides of the equation.





3. Combine the integration constants on the x side





4.  Use any initial conditions to solve for C; like  y(0) = 4



 dy

---- = x

 dx

 dy = x  dx

 ∫ dy  =  ∫ x  dx        y + C = ½x² + C

y = ½x² + C

4 = ½(0)² + C      4 = C



          y = ½x² + 4
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